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ABSTRACT 
For elastostatics problems in general, the displacement boundary integral equation (BIE) 
has been used with a great deal of success. For elastostatics problems involving a crack, 
however, the displacement BIE alone is not sufficient in a single region formulation. This is 
because tlie two crack boundaries occupy exactly the same position leading to a degeneracy in 
the description of the problem. This difficulty can be overcome by using the so-called traction 
boundary integral equation on one of the crack boundaries, while the displacement BIE is used 
on the other crack boundary, and on the outer boundary. This allows one to formulate the 
entire problem in a single region analysis, generally referred to as the dual boundary integral 
equation for~ulation. 
The present work deals with 2D structures containing a surface breaking crack. The bound-
ary of the structure is discretized into a number of elements; depending on the type, each 
element is described by a number of nodes. The dual BIE is formed into a system of linear 
equations by collocation at all the nodes. The crack tip stress intensity factors and the crack 
growth parameters are calculated. 
One of the main challenges in Boundary Elements is dealing with fundamental solutions 
containing mathematical singularities. The displacement BIE contains strongly singular fun-
damental solutions, while the traction BIE contains fundamental solutions which are even more 
·strongly singular ( or hypersingular) in nature. These singula,r ( and hypersingular) integrals 
have to be evaluated in a special manner, which places some restrictions on the order of conti-
nuity of the displacements and tractions- on the boundary, as well as on the smoothness of the 
boundary. These considerations are taken care of during the modeling process. 
A Green's function library has been implemented whereby a portion of the discretized 
lX 
Green's function is saved, and is used later to reduce the computation time. An interactive 
Graphical User Interface serves as a front-end to the utility developed. Together with the 
ability to interactively change the crack geometry and pose "What if?" questions, this work 
provides . a powerful tool in fracture mechanics. 
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CHAPTER 1. INTRODUCTION 
The Boundary Element Method (BEM) has been a well established tool for engineering 
analysis for over thirty years .. In part, it's appeal is due to numerical accuracy and efficiency 
of the method, and the reduction in the dimension of the problem. As a numerical method, 
it involves the solving of a set of singular integral equations that are used to formulate the 
problem. Since the integration is carried out only on the boundary of the domain, for a 
numerical scheme we only have to discretize the boundary. This results in a reduction in the 
dimensionality of the problem by one, which is a significant advantage over similar methods of 
analysis. However, because of the presence of singular integrals, some amount of care has to 
be taken while evaluating these integrals numerically. 
In general, the boundary element method can be applied to solve any kind of linear bound-
ary value problem (BVP). Jaswon [13] and Symm [25] first provided a formulation for using 
the BEM for solving problems in potential theory. This formulation was later extended by 
Rizzo [21] to problems in classical elastostatics. Cruse [7] first developed the derivative bound-
ary integral equation, or what is more commonly known as the traction boundary integral 
equation, for crack problems 
1.1 Dual BIE 
For most elastostatics problems the displacement boundary integral equation (BIE) has 
been used with a great deal of success. However, for elastostatics problems involving a math-
ematical crack, the displacement BIE alone does not suffice. A crack may be defined as a line 
of discontinuity over which the displacements and stresses experience a jump. Since the two 
crack surfaces coincide, the displacement BIB gives rise to a degenerate system of algebraic 
2 
equations. The equations for a point located at one of the surfaces of the crack are identical 
to those equations for the point with the same coordinates but on the opposite crack surface. 
Several approaches have been devised to overcome this difficulty. Some of them include 
the crack Green's function method, Snyder & Cruse [24], the subregions method, Blandford, 
Ingraffea, Liggett [4] and the dual boundary element method, Portela, Aliabadi & Rooke [20]. 
The theoretical basis of the dual boundary element method was first presented by Hong and 
Chen [12]. 
1.2 Present Work 
The present work deals specifically with 2D structures with edge cracks. The primary 
unknowns are the displacements and tractions on the boundary. For a well-posed problem, 
any one of this pair of unknowns is specified for every part of the boundary. A numerical 
implementation of the dual BIE involves breaking up ( or discretization) of the boundary into 
small segments known as elements, which have a finite number of points known as nodes. With 
the help of appropriate Lagrange or spline shape functions, the distribution of the unknowns 
can be described in terms of the value of the unknowns at the nodes. Thus, the nodes and 
elements are used to arrive at a set of linear algebraic equations, which are used to solve for 
the unknowns. The dual boundary element method has been implemented in the form of a ,, 
computer program. This program has the ability to solve for any geometry, with a traction 
free edge crack. The program calculates the stress intensity factors for both mode I and mode 
II ( tensile and shearing) deformations. Based on these stress intensity factors the crack growth 
direction is predicted. Since the outer boundary of the structure does not change for each 
crack growth increment, the inverse of the portion of the coefficient matrix corresponding to 
this part can be stored and used for later computations. This stored inverse matrix is the 
principal ingredient of the discretized Green's function for that particular problem. 
A user-friendly Graphical User Interface (GUI) has been constructed as a front end of the 
program. This interactive device provides instantaneous graphical display of the problem and 
several post-processed quantities. It also provides the user with the capability of interactively 
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changing the crack geometry with the help of the mouse and using the stored discretized 
Green's function library to solve for the new geometry. 
This thesis has been organized as follows: 
Chapter 2 provides a brief discussion of the boundary integral equations used,. starting 
with the mathematical roots of those equations and ending with methods of handling singular 
integrals numerically. Some basic equations of fracture mechanics are also recapitulated here. 
Chapter 3 deals with the application of the dual BIE to the specific type of problems 
formulated here, viz. edge cracked structures. The modeling and discretization strategy is 
discussed. In order to satisfy some of the modeling requirements, our discretized boundary 
has to consist of several types of special elements. These different types of elements are 
introduced, especially the non-conforming elements. The matrix equations are discussed and 
the stress intensity factor calculations are presented. 
Chapter 4 deals exclusively with the interactive Graphical User Interface. The function-
ality of different GUI controls are discussed. A step-by-step approach to a typical problem is 
outlined. 
Chapter 5 deals with the results of several different cases that have been handled and 
compares the results to reference values. 
4 
CHAPTER 2. GOVERNING EQUATIONS 
2.1 Introduction 
In this chapter some of the equations of linear elastostatics are briefly reviewed, and the dual 
boundary integral equations are presented. The singular kernels are discussed, and methods 
of evaluating integrals with singular kernels are arrived at in brief. A more detailed analysis 
has been presented in Appendix A. Some basic fracture mechanics concepts are also reviewed. 
2.2 Problem Statement 
Let us consider a body to be defined as a region R, bounded by a boundary B, as shown in 
Fig 2.1. We assume the body to be homogeneous, isotropic and linearly elastic. For a mixed 
mode problem, the boundary displacements are specified on certain portions of the boundary 
Bu, while tractions are specified on other parts of the boundary Bt. A well-posed problem 
should have one and only one of these two quantities specified at any point. For example, if a 
node has a cartesian component of traction specified, then that component of the displacement 
is unknown. We will deal with well-posed problems only. 
At this point, some of the conventions used in this report need some explanation. We will 
assume that the subscripts i, j, k, l and m denote cartesian components of vectors or tensors . 
. Other subscripts may be understood in a different context as indicated seperately. Both vectors 
and tensors are denoted by boldface type, however when refering to components of vectors or 
tensors,· normal type is used. Vectors are usually denoted by lowercase letters, whereas tensors 
are denoted by uppercase letters. A repeated index implies a summation being performed over 
that index. A comma in the subscript implies a derivative with respect to the component of 
the space variable denoted by the letter following the comma. 
5 
R 
Figure 2.1 Problem diagram 
The stress O"ij, strain €ij, and displacement Ui are the quantities we are interested in finding 
in ,the interior of the body under the action of the specified boundary displacements and 
tractions, and specified body force bi. We will later make the assumption that the body forces 
are zero. 
2.3 Elasticity Equations 
To satisfy equilibrium conditions, the stress distribution in the interior should satisfy the 
equilibrium equation (26] 
(2.1) 
. where b;, are the body forces. The stress-strain relations are given by 
(2.2) 
where>. andµ are the Lame's constants and a is the Kronecker delta. The strain-displacement 
condition is given as 
1 
€"' - -(u· · + u · ·) ZJ - 2 Z,J J,Z (2.3) 
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By substituting equations 2.2 and 2.3 in equation 2.1, we can obtain the Navier's equation as 
1 1 
--Ukk' +u·kk + -b· = 0 1 2 ' i i, i - V µ (2.4) 
where vis the Poisson's ratio. On the surface, the tractions are related to the stresses by 
(2.5) 
where nj are the components of the unit normal to the surface at that point. 
2.4 Displacement Boundary Integral Equation 
2.4.1 Fundamental Solution 
The formulation of the boundary element method requires a knowledge of the solution of a 
basic elastic problem with the same material properties as the body under consideration, but 
corresponding to an infinite domain loaded with a concentrated unit point load. This solution, 
due to Kelvin, is known as a fundamental solution. Let x' denote a source point and x an 
arbitrary field point. If we apply a unit point load at x' in the coordinate direction denoted 
by 1, we can de:Q.ote the corresponding displacement components at x in the two coordinate 
directions as 1ui and 1u2. Similarly, for a unit point load at x' in the coordinate direction 
denoted by 2, we can denote the corresponding displacement components at x as 2ui and 2u2-
These displacement components (or fundamental solution) can be expressed in general as ju;, 
or as Uij(x.', x), which is the notation most used in the literature. The fundamental solution 
Tij(x',x) can be similarly described. It needs to be mentioned that Uij(x',x) and Tij(x',x) 
are components of tensors, representing the displacement (or traction) at x in the direction 
j due to the unit force at x' in the direction i. For the plane strain case, these fundamental 
solutions are given by Cruse (7] as 
Uij(x', x) = - 41r{~ ~)E[(3 - 4v) In r8ij - r,ir,j] (2.6) 
· 1-2v 2 
Tij(x',x) = - 41r(l - v)r {[8ij + 1 _ 2vr,ir,j]r,knk - (r,inj - r,jni)} (2.7) 
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where 6 is the Kronecker delta, r(x',x) represents the distance between the source point x' 
and the field point x, i.e. 
(2.8) 
r,i ri/r 
2.4.2 Betti's Reciprocal Theorem 
Betti's reciprocal work theorem between two elastostatic states, defined over the region R, 
with boundary B is given as 
where x represents a point on the boundary B and z represents a point inside the region 
R. If we identify the starred state with the fundamental solution and the unstarred state as 
the desired solution, we can write Betti's theorem to establish a relation between the desired 
solution, and the fundamental solution given by Kelvin, in the form 
l Tij(x',x)uj(x) dB(x) + k_ 6ij 6(z,x')uj(z) dR(z) = 
l tj(x)Uij(x',x)dB(x) + k, bj(z)Vij(x',z)dR(z) (2.10) 
From the property of the delta function, the second term on the left hand side in equation 2.10 
can be written as 
k_ 6ij6(z,x')uj(z) dR(z) = f3ui(x') (2.11) 
where (3 = 1 for x' within R and (3 = 0 for x' outside B. Substituting the fundamental 
solutions, for x' within R we rewrite equation 2.10 as 
Equation 2.12 is known as Somigliana's identity; it gives a relation between the displacement 
at any internal point in terms of the boundary displacements and tractions. From now on 
. we assume the body forces bj to be zero. If body forces are non-zero and conservative, we 
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can apply the divergence theorem to transform the area integral into a line integral over the 
boundary and the body force into a body force potential. 
2.4.3 Regularization of the Displacement BIE 
Somigliana's identity represents the solution for ui(x') when all the displacements and 
tractions over the boundary are known. But since, for a well-posed problem, only half of 
the pair (u(x'), t(x')) are known, the unknown half needs to be determined. We do this by 
taking the source point to the boundary, in equation 2.12. Hence we have a boundary integral 
equation which is a relation between boundary displacements and boundary tractions which 
can be used to solve for unknown displacements and tractions. 
When the source point x' is allowed to go to the boundary x' -+ x the fundamental solutions 
( or kernels) become singular. This singularity in the integrals can be handled by augmenting 
the boundary B at x' by a circular region Be* centered at x' with radius € as shown figure 2.2, 
such that in the limit where € -+ 0, the displacement boundary integral equation can be written 
as [14; 15] 
ui(x') + lim { . Tij(x', x)uj(x) dB(x) = lim { Uij(x', x)tj(x) dB(x) (2.13) 
j B-B.+Be* j B-B.+Be* 
In equation 2.13, the right hand side integral contains a weakly singular integrand of order 
O(ln r) and can be integrated as an improper integral1 . The left hand side contains a strongly 
singular integrand of order 0(:) and can be regularized with the first term of a Taylor's series 
expansion of the displacements about the source point x' to give 
lim r Tij(x', x)[uj(x) - Uj(x')] dB(x) 
}B•* 
+uj(x')lim { Tij(x',x)dB(x) 
}Be* 
+ lim { Tij(x', x)uj(x) dB(x) (2.14) 
Assuming that the displacement field is Holder continuous, Uj(x) E c0,a , that is, there are 
constants IOI < oo and O < a :S 1, such that the inequality 
(2.15) 
1See Appendix A for full details. 
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Be* 
x' 
Figure 2.2 Boundary augmented by circular region 
holds, the first term of the right hand side in equation 2.14 is a regular integral and vanishes 
in the limit. The second limit expression of the right hand side leads to a jump on the 
displacements, given by Aij(x')uj(x'), in which Aij(x') is a constant that depends on the local 
geometry and elastic constants. The third term on the right hand side results in an improper 
integral that is taken in a Cauchy principal-value sense, as 
(2.16) 
where f stands for the Cauchy principal-value integral. Therefore, as E -+ 0 the displacement 
boundary integral equation can be written as 
(2.17) 
It needs to be pointed out at this point that the definition of the Cauchy principal-value integral 
is intimately tied with the value of Aij(x'). The fact that B - BE is taken on a boundary 
which excludes a symmetric region around x' is very important to understand. Without this 
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symmetric region around x1, the principal-value integrals are not defined. The value of Aij(x') 
is calculated over a circular region B€*· The coefficient Cij(x') is given by Oij + Aij(x'). For a 
smooth boundary point, Cij(x') = Oij/2. 
2.5 Traction Boundary Integral Equation 
The traction boundary integral equation can be derived from equation 2.12 by differenti-
ating with respect to an internal source point. Since the kernels Uij(x',x) and Tij(x',x) are 
functions only of the distance r, we have 
(2.18) 
Since r,i Ix,= -r,i Ix, equation_2.18·can be written as 
(2.19) 
in which the derivatives of the kernels are taken with respect to the field point x. Using the 
strain-displacement relation (equation 2.3) and the stress-strain relation (equation 2.2), we get 
a representation equation for the stress, as 
(2.20) 
2.5.1 Fundamental Solution 
Equation 2.20 represents Somigliana's identity for stresses at an internal source point. The 
kernels Sijk(x',x) and Dijk(x',x) were first given by Cruse [7] as 
(2.21) 
E 
- 41r(l _ v 2 )r2 [2r,znz{(l - 2v)oijT,k + v(oikT,j + Ojkr,i) 
-4r·r ·rk}+2v(n·r ·rk+n·r·rk.) 
,i ,J ' i ,J ' J ,i ' 
+(1- 2v)(2nkr ·r · + n·O·k + n·O·k) ,i ,J J i i J 
(2.22) 
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2.5.2 Regularization of the Stress BIE 
As long as we consider the point x' to be inside (away from) the boundary B, the integrals 
in equation 2.20 are regular. But as the source point approaches the field point, i.e. as 
r 0, the integrals become singular. We regularize the stress BIE in a similar manner to the 
displacement BIE [14; 15]. The boundary is again augmented by a circular region as shown in 
figure 2.2, and the limit transition of equation 2.20 is carried out with the radius e: 0. 
O"ij(x')+lim f Sijk(x',x)uk(x)dB(x) = O"ij(x')+lim f . Dijk(x',x)tk(x)dB(x) 
j B-B.+B•* · j B-B.+B.* 
(2.23) 
In this equation, the right hand side integral contains a strongly singular_ integrand of order 
0( t) and can be regularized by subtracting the first term of a Taylor's series expansion of the 
tractions about the source point, to give 
- lim f Dijk(x', x)[tk(x) - tk(x')] dB(x) 
+tk(x') lim f Dijk(x', x) dB(x) 
+ lim l Dijk(x', x)tk(x) dB(x) (2.24) 
Assuming that the traction field is Holder continuous, tk(x) E o0,a, that is, there are constants 
IOI< oo and O < a ::s; 1, such that the inequality 
(2.25) 
holds, the first term of the right hand side in equation 2.24 is integrable and vanishes in the 
limit. The second limit expression of the right hand side leads to a jump on tractions, given by 
Aijk(x')tk(x'), in which Aijk(x') is a constant that depends on the local geometry and elastic 
. constants. The third term on the right hand side in the limit results in an improper integral 
that is taken in a Cauchy principal-value sense, as 
(2.26) 
Consider now the left hand side integral of equation 2.23. It contains a so-called hypersingular 
integrand of order 0( ~) that can be regularized with the first two terms of a Taylor series 
I 
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expansion of the displacements about the source point, to give 
lim r Sijk(x1' x)uk(x) dB(x) = 
j B-B,+B,• 
lim r Sijk(x1' x)[uk(x) - Uk(x1) - Uk,m(x') (xm - x~)] dB(x) 
• . 
€ . 
+uk(x1) lim r sijk(X1' x) dB(x) }B,. 
+uk m(x1) lim r Sijk(x1' x)(xm - x~) dB(x) 
, 
+ lim { Sijk(xi, x)uk(x) dB(x) (2.27) 
Assuming that the displacements are Holder continuous, uk(x) E C 1•°', that is, there are 
constants ICI < oo and O < a '.S 1, such that the inequality 
(2.28) 
holds, the first term on the right hand. side of equation 2.27 is integrable and vanishes in the 
limit. The second limit expression on the right hand side in the same equation is given by 
(2.29) 
in which Cijk(x1) is a constant, in general different from zero, that depends on the local geom-
etry· and elastic constants. This expression is thus unbounded, and will be considered later in 
conjunction with the last expression on the right hand side of equation 2.27. The third limit 
expression leads to a jump on displacement derivatives, given by Bijkm(x_l)uk,m(x1), in which 
Bijkm(x1) is a constant that depends on elastic constants and coordinate transformations. 
Finally, the fourth limit expression on the right hand side of equation 2.27 results in an im-
proper integral that is taken, together with the limit expression equation 2.29, in a Hadamard 
principal-value sense, given as 
£ Sijk(xi, x)uk(x) dB(x) -
lim{ { Sijk(xi, x)uk(x) dB(x) + 
lB-B, 
(2.30) 
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where f stands for the Hadamard principal-value integral. It is to be noted that the last 
limit expression of the right hand side of equation 2.30 has a finite value, since the unbounded 
term from equation 2.29 is always cancelled out by another unbounded term released from 
the integration of Sijk(x',x)uk(x) along B - Be, as shown by Guiggani et. al. [10]. Thus the 
problem posed by the presence of the unbounded expression 2.29 is only apparent, since it is 
readily circumvented w.hen the integrals are considered over the whole boundary. 
Collecting the results of equations 2.24 and 2.27, it has been show.n by Cruse [7] that for a 
source point on a smooth boundary, the jump terms are equivalent to boundary stresses, that 
is 
A ( ')t ( ') B ( ') ( ') ui;(x') ijk X k X - ijkm X Uk,m X = 2 (2.31) 
Therefore in the limit as € 0, on a smooth boundary, equation 2.23 leads to the stress 
boundary integral equation given as 
(2.32) 
As has been stated earlier, both principal-value integrals have to be performed by consider-
ing a symmetric neighborhood about the source point. On a smooth boundary, the traction 
boundary integral equation is given by 
(2.33) 
When the .source point is on a non-smooth boundary, the traction boundary integral equation 
cannot be defined uniquely because the outward normal cannot be specified uniquely. This 
justifies the derivation of the stress BIE for a source point on a smooth boundary only. 
2.6 Fracture Mechanics Concepts 
2.6.1 Crack deformation modes 
Consider a cracked body in which the crack plane lies in the xz plane and the crack front 
is parallel to the z direction. For 2D cases, the two primary modes of crack deformation are 
shown in figures 2.3 and 2.4. The opening or tensile mode in which the crack face separates 
14 
Figure 2.3 Mode I crack deformati011 
symmetrically with respect to the xy and xz coordinate planes is known as mode I. The sliding, 
or in-plane shearing mode, in which the crack faces slide relative to each other is known as 
mode II. 
2.6.2 Crack-tip Elastic Fields 
For a crack as shown in figure 2.5, the stresses close to the tip of a traction-free crack, in 
terms of polar coordinates are given as 
K1 0 . 0 . 30 Kn . 0 0 30 --cos-(1-sm-sm-)- --sm-(2 + cos-cos-) -/2irr 2 2 2 -/2irr 2 2 2 
K1 0 . 0 . 30 Kn . 0 0 30 --cos-(1 +sm-sm-) + --s1n-cos-cos--/'iirr 2 2 2 -/2irr 2 2 2 (2.34) 
K1 . 0 0 30 Kn 0 0 30 
--sm - cos - cos - + -- cos -(1 - sin - sin - ) -/2irr 2 2 2 v2Jrr 2 2 2 
where K1 and Kn are the stress intensity factors corresponding to the opening and sliding 
modes of crack deformation, and r is much smaller than the crack length. The displacements 
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Figure 2.4 Mode II crack deformation 
near the crack tip are similarly given as 
K1Hi 0 2 0 Ku Hi . 0 2 0 - - cos-(1- 2v + sin -) + - -sm-(2 - 2v + cos -) 
µ 21r 2 2 µ 21r 2 2 
Uy K1 Hi 0 2 0 Ku Hi 0 . 2 0 - - sin -(2 - 2v - cos -) + - - cos -(-1 + 2v + sm -) µ 21r 2 · 2 µ 21r 2 2 (2.35) 
2.6.3 Crack Growth 
One of the most commonly used fracture criteria is the maximum principal stress criterion 
which states that fracture will occur in a direction perpendicular to the maximum principal 
stress direction at the crack tip. The crack-tip circumferential stresses, derived from equa-
tion 2.35 can be expressed as 
1 0 20 3 . --cos-[K1cos - - -Knsm0] y27rr 2 2 2 
cos -2° [K1 sin0 + Kn(3 cos 0 - 1)] 2 (2.36) 
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Figure 2.5 Crack-tip geometry in cartesian and polar coordinates 
If the stress O'r0 = 0 then c,99 is a principal stress. The principal direction 0t is therefore given 
by the relationship O'r0 = 0, which gives 
(2.37) 
The crack growth rate is governed by the Paris [18] Law 
:; = C(K1eqr (2.38) 
in which a linear relationship between the logarithm of the crack growth rate da/dN and the 
logarithm of the equivalent mode I stress intensity factor K1eq is assumed. 
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CHAPTER 3. EDGE CRACKED STRUCTURES 
3.1 Introduction 
In this chapter we deal with the formulation of the dual boundary element method for 
the solution of general linear elastic fracture mechanics problems for structures with edge 
cracks. The modeling procedure and the discretization strategy are presented. The use of 
non-conforming ( or discontirnious) elements which automatically satisfy the continuity and 
smoothness requirements for the traction BIE is justified as an efficient method of discretiza-
tion of the crack boundary. Extreme care is taken while handling the improper integrals for 
both the displacement and traction BIE. As a way of handling them, finite-part integrals for 
computation of Cauchy and Hadamard principal-value integrals are dealt with in some de-
tail. For piecewise straight elements used for the crack boundary, the finite-part integrals are 
computed analytically. 
3.2 Modeling Strategy 
We consider only traction free cracks in the present work. Figure 3.1 shows a schematic 
of the type of problem dealt with. As can be seen, the boundary B has been divided into an 
outer boundary B 0 and a crack boundary Be. The crack boundary is further divided into an 
. upper and a lower boundary1 denoted by B't and H;;. For the crack boundary, it is important 
to realize ( even though the graphic might not show it clearly) that the two crack boundaries 
are actually the same line. In other words, the crack consists of two boundaries occupying the 
exact same physical location. 
1We do not use the word crack "surface", because this work is 2D and the term "surface" might cause some 
confusion. 
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R 
Figure 3.1 2D Structure with an edge crack 
The displacement boundary integral equation ( equation 2.17) can be written as 
for x' E B 0 , and 
for x' E Bf. The traction boundary integral equation ( equation 2.33) can be written as 
0 = ni(x')l Dijk(x', x)tk(x) dB(x) - ni(x')J Sijk(x', x)uk(x) dB(x) JBo . JBo 
(3.1) 
(3.2) 
- ni(x')J Sijk(x', x)L\uk(x) dB(x) (3.3) TBt 
for x' E Bf. It is to be noted here that the variables on the crack boundary have been modified 
to L\ u and I: u ( traction is zero on the crack boundary). These new variables have been defined 
as 
ut(x) + ui(x) 
ut(x) - ui(x) (3.4) 
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Figure 3.2 Modeling strategy for edge crack problems 
The general modeling procedure is therefore to apply the displacement BIE with the source 
point on the non-crack boundary and one of the crack boundaries, and to apply the traction 
BIE on the opposite crack boundary. This is explained diagrammatically in figure 3.2. This 
simple, yet highly effective strategy was first developed by Portela et. al. [20]. In figure 3.2, 
the displacement BIE is applied on boundaries marked with a D, while the traction BIE is 
applied on boundaries marked with a T. The shaded points are regions of the boundary where 
the principal-value integrals are not defined. These are points which we have to avoid in the 
discretization strategy as collocation points. 
3.3 Discretization Strategy 
Untill this point, all we have discussed are the analytical equations defining our problem. 
To solve the analytical · equations with the help of numerical techniques, we have to break 
up ( or discretize) the boundary into a finite number of elements and nodes and perform our 
analysis using those elements and nodes. In a sense, we replace our physical geometry with a 
mathematical geometry which is fully defined by the elements and nodes. However, to satisfy 
some of the requirements of the modeling strategy, we need to adopt a suitable discretization 
strategy. In other words, our discretization strategy is dependant on our modeling strategy. 
20 
We therefore restate some of the assumptions of our modeling strategy and in that light discuss 
the discretization strategy. 
• As presented in Appendix A, both the principal-value integrals have to be treated by 
taking the limit symmetrically on both sides of the source point2 . 
• At the source point the continuity requirements state that ui(x) E c0 for Cauchy 
principal-value integrals in the displacement equation, and ui(x) E C1 , ti(x) E c0 for 
Cauchy principal-value integrals and Hadamard principal-value integrals respectively, in 
the traction equation. Without these assumptions, the principal-value integrals do not 
exist. 
• The principal-value integrals do not exist when the source point is taken at the crack tip, 
or at the junction of the crack and outer boundary. 
We consider both the geometry and the field variables to be described by a piecewise continu-
ously differentiable approximation. The continuity requirements of the Cauchy principal-value 
integral in the displacement equation is therefore met by any Lagrangian conforming or non-
conforming elements, since the shape functions guarantee c0 continuity of the displacements 
at the end of the element and much higher continuity in the interior. However, for the traction 
equation, the higher continuity requirements require the elements to be non-conforming, where 
the nodes are all interior points of the element and hence the element tips are avoided. More-
over, the smoothness requirement of the traction equation ( to uniquely specify the outward 
normals) are also met with non-conforming elements. 
The considerations above are (non-uniquely) met by the discretization strategy shown in 
figure 3.3. The outer boundary is modeled using fully conforming elements, the crack boundary 
is modeled using fully non-conforming elements. The junction of the outer boundary and the 
crack boundary has to be handled specially, by using one partially-conforming element on each 
side. These elements are shown in the figure as a thick line. More details on each kind of 
element are given in Appendix B. 
2Details in Appendix A. 
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Figure 3.3 Discretization strategy with different elements 
3.4 Numerical Implementation 
This section deals with the numerical steps taken to apply the boundary integral equations 
on the discretized boundary to get a system of linear algebraic equations that we solve. This 
section will not deal with handling singularities numerically, it will just show some of the 
basic steps taken for numerical implementation of a typical problem. As has been shown 
in section 3.3, the outer boundary is broken into n1 nodes and m1 elements, and the crack 
boundary is broken into n2 nodes and m2 elements. We have to keep in mind that the outer 
boundary has two elements which are partially conforming, and the crack boundary has all 
the elements as non-conforming. Quadratic shape functions are assumed to describe both the 
geometry and the field variables on all elements. The mapping of the geometry from the global 
coordinates to the local coordinate causes each element to stretch from -1 to + 1 on the local 
coordinate. This makes it ideal for the integrals to be carried out with standard Gaussian 
quadrature. On any element, the displacement and the traction are given by the quadratic 
shape functions3, denoted by M°' ( t), as 
3 
uT(e) L M°'(t) uf'°' 
a=l 
3See appendix B for details on individual elements. 
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3 
tT(e) = L M 0 (e) t1'0 (3.5) 
a=l 
where e is the element number, i is the cartesian component of the variable, e is the local 
variable on the element, a= 1, 2, 3 is the local node number. The combination of the element 
number and the local node number gives us the global node number from the element connec-
tivity information. It is also seen that dB(x(e)) = J(e) dt where J(e) is the Jacobian of the · 
transformation, given as 
(3.6) 
For a source point x', equation 3.1 can be written in a discretized form as 
m1 3 n 9 
Cij(x')uj(x') = LL t;,a L Uij(x', x(eig))M0 (eig)J(eig)Wig 
e=la=l ig=l 
m1 3 n9 - LL u;,0 L Tij(x', x(eig))M0 (eig)J(eig)Wig 
e=l a=l ig=l 
m2 3 n 9 - LL Llu;,a L '.11j(x',x(eig))M0 (eig)J(eig)Wig (3.7) 
e=l a=l ig=l 
for x' E B 0 • Here n9 is the order of Gaussian quadrature used, e, a and ig are indices for the el-
ement number, the local node number and the Gaussian quadraturerespectively. Equation 3.2 
is similarly written as 
m1 3 n 9 LL t;,a L Uij(x', x(eig))M0 (eig)J(eig)Wig 
e=la=l ig=l 
m1 3 n9 
- LL u;,0 L Tij(x', x(eig))M0 (eig)J(eig)Wig 
e=l a=l ig=l 
m2 3 n9 - LL Llu;,a L Tij(x', x(eig))M0 (eig)J(eig)Wig (~.8) 
e=l a=l ig=l 
for x' E B 0 , and equation 3.3 as 
m1 3 n 9 
0 = ni(x') LL t:·0 L Dijk(x', x(eig))M0 (eig)J(eig)Wig 
e=l a=l ig=l 
m1 3 n9 
- ni(x') LL u:•c, L Sijk(x',x(fig))Mc,(eig)J(eig)Wig 
e=l c,=l ig=l 
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m2 3 n9 
- ni(x') LL .6.u~'0 L Sijk(x', x(eig))M0 (eig)J(eig)Wig (3.9) 
e=l a=l ig=l 
for x' E B 0 • Thus, by means of nodal collocation over all the boundary nodes, equations 3.7, 
3.8 and 3.9 are transformed into a system of linear algebraic equations relative to the nodal 
field variables. This system of equations can be represented by the matrix equation 
Hu=Gt (3.10) . 
where the matrices H and G contain integrals of the fundamental solutions Tij and Uij re-
spectively for the displacement equation, and Sijk and Dijk for the traction equation. The 
vectors u and t contain boundary displacement components and boundary traction· compo-
nents respectively. Since we consider only well-posed problems, we can rearrange the matrix 
equation 3.10 to write 
_Ax=By=f (3.11) 
where the vector x contains all the unknown field variables on the boundary, and y contains 
all the known field variables. A and B result from rearranging Hand G, f is a column matrix 
formed by the matrix multiplication of B and y. After this all that remains to be done is to 
invert the matrix A and solve for all the unknowns. 
(3.12) 
3.5 Green's Function Library 
Revisiting the matrix equation 3.10, it can also be written as 
[ Hoo Hoc ] { Uo } [ Goo Goe ] { to } 
Hco Hee Uc - Geo Gee tc 
(3.13) 
. where the subscript o denotes the outer boundary and the subscript c denotes the crack bound-
ary. For example, Hoc represents the coefficients for collocation point on the outer boundary 
and the integral over the crack boundary. Similarly u0 and t 0 are the displacements and 
tractions on the outer boundary. This equation can be rearranged to give 
foe ] 
fee 
(3.14) 
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where x and y are the vectors of unknown and known quantities on the outer boundary (we 
already know that on the crack boundary the displacements are unknown and the tractions 
are known). By applying the partitioning technique, equation 3.14 can be solved 
X = A;,1 (Yoo + Yoe - Aocuc) 
Uc = (Ace - AcoA;:;-j Aoc)-1 [Yco + Yee - AcoA;,1 (Yoo + Yoe)] 
(3.15) 
(3.16) 
For a given structure if only the geometry of the crack changes, A00 and B00 ( and hence 
y00 ) will not change. Therefore, the inverse of A00 and Yoo are saved as a discretized Green's 
function, and used repeatedly for analysis with the same outer boundary but a changed crack 
boundary. 
3.6 Rigid Body Condition 
To determine the rigid body condition it is instructive to revisit equation 2.17. Since this 
equation holds for all compatible displacements and tractions, we assume a case in which the 
entire geometry is translated in both the x and y direction by a constant amount ( say unity), 
or in other words, all the displacement components are the same ui(x) = 1. In such a case the 
tractions automatically become all zero. Substituting these values in equation 2.17 we get 
(3.17) 
This is the rigid body condition which the coefficient of Uj(x') in equation 2.17 has to satisfy. 
This is ensured by calculating Cij(x') by the so called row-sum technique, in which the value 
of Cij(x') is given by the sum of all the elements in the row corresponding to x' in the matrix 
H. 
3. 7 Stress Intensity Factors 
After the solution is complete, the stress intensity factors are calculated using the crack 
opening displacements Llui. Referring to the figure 2.5, we can calculate the crack opening 
displacements in the local coordinates ( centered at the crack tip and with the x axis along the 
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crack direction) by a simple rotational transformation of the crack opening displacements in 
the global coordinates. We denote this transformed ( or local) crack opening displacements by 
~Ui- From the equation 2.35 for the displacements near the crack tip, we can also get 
(3.18) 
where,-.,= 3 - 4v for plane strain problems, and v = E/2(1 + v). Equation 3.18 is valid for 
values of r very small compared to the crack length. For values of r far away from the crack 
tip, we add another term to the above relation, and rewrite the whole equation as 
(3.19) 
where 
(3.20) 
The second term in equation 3.19 has been added so that more reliable stress intensity factor 
results may be obtained from it by using the crack opening displacement data from points a 
little further away from the crack tip. Using the data pairs (r, ~u1 ) and (r, ~u2 ) for a number_ 
of points on the crack boundary close to the crack tip, we can calculate the stress intensity 
factor by a least squares approximation. 
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CHAPTER 4. GRAPHICAL USER INTERFACE 
4.1 Introduction 
A Graphical User Interface (GUI) serves as the front end of the utility that has been 
developed. Through the GUI, users can provide necessary input to the program and see the 
output in graphical format almost instantaneously. The GUI provides the user with tremendous 
ease of use, while hiding the underlying numerical complexity that may be totally unnecessary 
for the user. This makes the numerical program much more likely to be used by people who 
do not want to know every detail of the program, but just want to use it to get some desired 
results. 
4.2 GUI Components 
The GUI developed for this program has been written in the C programming language, 
using XMotif libraries. The interactive graphics have been programmed using the OpenGL 
libraries. The main components of the GUI are 
• Windowing system, buttons and menus which provide the user with the controls needed 
to operate the program. 
• Graphical display, which provides the user with a picture of the problem at hand, the 
solution of the problem as well as post-processed results. Users also can use the mouse 
to interactively change the problem and rerun the solution. 
27 
4.2.1 Windowing System, Buttons and Menus 
When the application is launched, it opens up a main window on the user's screen. The 
main window consists of a menubar at the top with pulldown menus, some buttons on the 
right hand side for controlling the main functions, a textfield for output of the stress intensity 
factors, a scalebar for scaling up or down the solved results so that they can be seen, and an 
editable textfield to provide some user input. We will discuss each of the windowing system 
components in some detail. 
The menubar located at the top of the main window houses the pulldown menus File, 
View, Options and Help. With the File menu, users can either Reload the program and start 
from scratch, or Quit the application. The View menu provides a host of options which can 
be viewed in the display screen. The Options menu allows the user to change some of the 
controlling parameters of the program and get answers for the new parameters. The Help 
menu option launches a web browser and allows the user to view the online help pages. 
The buttons on the right hand side of the GUI provide the user with all the controls for 
the program. With the Solve button the user can ask for the current problem to be solved1 
in full. The Save A11 button asks the program to save a part of the coefficient matrix, as 
described by section 3.5. The Move button allows the crack boundary to be moved with the 
help of the mouse. Finally, the Partition button asks the program to recalculate the solution 
by using the saved matrix, and the changed crack geometry. 
The textfields are used to provide the mode I and mode I I stress intensity factors. These 
textfields are refreshed every time the solution is run. The Scalebar allows the used to scale 
up ( or down) the quantity currently being viewed, so that even if the solution components 
are too small to be seen, they can be scaled up and seen. Finally, the editable textfield 
provides a convenient way for the user to change the crack geometry by rotating it about it's 
base. Together with ease of use, it gives the user complete control over the angles to be rotated 
about. 
1 When the application is launched, it automatically reads in the default data files and uses this data as the 
current problem. 
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4.2.2 Graphical Display 
The graphical display consists of a portion of the GUI which (as the name suggests) 
displays graphics. Even though the display appears as part of the GUI, it is a totally different 
entity from the other parts of the GUI, like the menus and buttons. The graphics engine, 
which does all the calculations is run by a set of library routines provided by OpenGL. After 
the rendering calculations are done, the display "swaps" itself to show the updated picture. 
The graphics display has been double-buffered so that the display can smoothly refresh itself 
without excessive :flickering. Although the main function of the graphical display is to provide 
output, it can accept user input too. After the main part of the coefficient matrix has been 
saved, the user can drag the crack boundary with the help of the mouse. Only translations 
can be done with the mouse. Rotations can be done with the editable textfield for controlling 
the crack angle. After the main solution has been completed, the user can query the program 
for the values of field variables, like displacements and stresses at internal points. This can be 
done simply by clicking the mouse in some interior point of interest. The program is designed 
to check if the point lies outside the closed body, and give a warning if it does. However, it is 
the users responsibility to make sure that the selected point is not too close to the boundary. 
4.3 How to Run a Typical Program Using the GUI 
For users who are not really interested in how the program works, but want to use it to 
generate some results, this section is a must-read. It provides a step-by-step guide to running 
the program and controlling the output. 
l. Create the data files that control the geometry of the problem. Each data file contains 
the nodes and their coordinates, together with the element connectivity data. Also the 
data file containing the boundary condition data has to be created. For full details on 
the data files, read the online help pages. 
2. Launch the application by typing "edgecrack" on the command prompt. The program 
automatically reads in the data files and draws the current geometry on the screen. 
29 
3. To solve the problem in full, click the Solve button. After the program is done solving, 
it displays the deformed outer boundary, and the stress intensity factors.· 
4. To save a portion of the coefficient matrix click on the Save A11 button. 
5. Click on the Move button before using the mouse to drag the crack to a new location. 
The crack can be rotated by typing the angle of rotation and hitting enter. 
6. Click on Partition to solve the problem with the help of the saved matrix, and the new 
crack geometry. 
7. After each solution is done, choose the desired quantity for output from the Options 
menu. 
8. When finished, choose the Quit option on the File pulldown menu. 
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Figure 4.1 Graphical user interface 
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CHAPTER 5. RESULTS AND CONCLUSION 
In this chapter some results obtained from the computer program are presented. The first 
two cases compare the stress intensity factors obtained from the program to reference values 
and the third case show the crack growth steps graphically. 
5.1 Case 1: Square Plate Under Uniaxial Traction 
The problem diagram is shown in figure 5.1. A square plate of side w, containing a crack 
of length a, is subjected to a uniform traction t, perpendicular to the direction of the crack. 
For this case, K 0 = t...fia, where K 0 is the stress intensity factor for an isolated crack in a 
sheet subjected to a uniform traction t. The outer boundary was discretized by 58 quadratic 
elements, with the 2 elements bordering the crack being partially non-conforming. For the 
crack length, five different cases were considered, a/w = 0.1, 0.2, 0.3, 0.4 and 0.5. The crack 
itself was modeled by fully non-conforming elements. The general deformation mode is shown 
in figure 5.2. The crack tip stress intensity. factors are calculated using the crack opening 
displacement method. For each crack case, the stress intensity factors are calculated using 
6, 9, 12, 15, 24 and 27 nodes on the crack boundary. The comparison of the stress intensity 
factors is given in table 5.1. As can be seen, the stress intensity factors match the reference 
values quite closely. 
5.2 Case 2: Rectangular Plate Under Un.iaxial Traction 
The problem diagram is shown in figure 5.3. A rectangular plate of width b and and length 
2.5b, containing a crack of length a is subjected to uniform traction t. The crack is located 
eccentrically at a distance b from one end, and inclined at an angle /3 towards the other end. 
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Figure 5.1 Case 1: Square plate under uniaxial traction 
Table 5.1 Case 1: Comparison of SIF 
a/w KI/Ko 
n=6 n=9 n = 12 n= 15 n= 24 n=27 Reference 
0.1 1.379 1.318 1.290 1.276 1.270 
0.2 1.670 1.587 1.562 1.544 1.524 1.504 1.488 
0.3 2.086 1.979 1.928 1.907 1.862 1.849 1.848 
0.4 2.646 2.506 2.456 2.411 2.325 2.298 2.324 
0.5 3.487 3.297 . 3.196 3.144 3.005 2.950 3.010 
For this case, K 0 = t..jim, where K 0 is the stress intensity factor for an isolated crack in a 
sheet subjected to a uniform traction t. The outer boundary was discretized by 103 quadratic 
elements, with the 2 elements bordering the crack being partially non-conforming. For the crack 
length, three different cases were considered, a/b = 0.3, 0.4 and 0.5. The different cases of the 
slant angle. that were considered were f3 = 1T /2 and /3 = 31r /8. The crack itself was modeled by 
fully non-conforming elements. The general deformation mode is shown in figure 5.4. The crack 
tip stress intensity factors are calculated using the crack opening displacement method. For 
each crack case, the stress intensity factors are calculated using different number of nodes on 
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Figure 5.2 Case 1: Generj deformation mode 
I 
the crack boundary. The comparison of the stress intensity factors for the case when /3 = 1r /2 
is given in table 5.2. For the case when /3 = 31r /8, t~e comparison of the stress intensity factors 
I 
are given in tables 5.3 and 5.4. As can be seen fro:in these tables, the stress intensity factors 
I 
I 
can be calculated more accurately when more nu,ber of nodal points are used in the crack 
opening displacement method for calculating the stress intensity factors. 
a/b 
0.3 
0.4 
0.5 
n = 12 
1.763 
2.295 
3.161 
I 
Table 5.2 Case 2: Compari~on of SIF /3 = 1r /2 
I 
n = 18 
1.739 
2.241 
3.092 
n=24 
1.727 
2.213 
1.719(27) 
2.188(30) 
3.032 · 2.919(36) 
(n) 
1.704(30) 
2.176(33) 
2.890(39) 
(n) 
1.669(33) 
2.159(36) 
2.853(42) 
Reference 
1.690 
2.150 
2.835 
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Figure 5.3 Case 2: Rectangular plate under U:niaxial traction 
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Figure 5.4 Case 2: General deformation mode 
36 
Table 5.3 Case 2: Comparison of SIF f3 = 31r/8 
a/b KJ/Ko 
n=6 n= 12 n= 18 n=24 n=30 n= 36 Reference 
0.3 1.456 1.352 1.333 1.324 1.319 1.435 
0.4 1.712 1.596 1.561 1.544 1.531 1.522. 1.775 
0.5 2.044 1.887 1.851 1.823 1.798 1.778 2.295 
Table 5.4 Case 2: Comparison of SIF f3 = 31r/8 
a/b Ku/Ko 
n=6 n=.18 n=24 n= 30 n = 36 n=42 Reference 
0.3 0.299 0.294 0.316 0.356 0.342 
0.4 0.322 0.308 0.321 0.344 0.378 0.403 
0.5 0.340 0.325 0.337 0.358 0.387 0.433 0.495 
5.3 Case 3: Rectangular Plate Under U niaxial Traction 
This case is the same as case 2, with /3 = 1r /3. The crack is allowed to grow for 5 growth 
cycles in this case and the final deformation mode is studied. Figure 5.5 shows the new crack 
elements and the final deformation of the plate. 
5.4 Conclusions 
The dual boundary integral equation method has been implemented in the form of a com-
puter program. An interactive graphical user interface has been constructed to serve as a 
front-end for this computer program. This is useful for users who do not need to know the 
details of the specific steps involved in the numerical treatment of this problem. The GUI, in 
essence, hides the underlying numerical steps from users, who can treat the GUI as a black-box 
_into which they input their data and get the output data after the analysis is complete. 
As can be seen from the tables comparing the obtained stress intensity factors to reference 
values, the· numerical accuracy achieved. with this method is quite remarkable. In some cases, 
the percent error is as low as 0.1. The crack growth criteria has been used to grow the crack 
for several increment steps. A Green's function library has been used to save a part of the 
solution and to use it to reduce computation time for future computations. 
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Figure 5.5 Case 3: Crack growth 
5.5 Suggestions for Further Work 
Some of the suggestions for further work are: 
• Formulate the dual boundary integral equations in non-dimensional terms, so that the 
relative size of the geometry handled will not bring in a difference in the computed results. 
• Extend this capability to a more general one, which can handle both interior cracks 
and edge cracks. It should be able to handle geometries with more than one crack, and 
complicated geometries like a plate with an interior hole which has a crack in it. Some 
work in this direction has already been done [17], all that may be needed is the software 
implementation. 
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• Have a much more sophisticated GUI which supports the input of the data graphically. 
This way users won't have to create lengthy data files and can get a better feel of the 
problem. Again, some of this work has been done, all that is probably needed is the 
software implementation. 
• Investigate more thoroughly the J-integral for calculation of stress intensity factors1 . 
1The J-integral method has been tried without much success in the present work. 
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APPENDIX A. SINGULAR INTEGRALS 
Cauchy Principal-Value Integrals 
If an improper integral is defined in the region a::=; t ::=; b, with the integrand f(t)/(t - x) 
· having a singular part given by 1 / ( t - x), and a regular part given by f ( t), so that the integral 
is unbounded for an interior point a ::=; x ::=; b and the regular part f ( t) satisfies a Holder 
condition, expressed as f(t) E c0,a, or 
IJ(t) - f(x)I ::=; Cit - xl 0 (A.1) 
then the Cauchy principal-value integral is defined as [14] 
lb j(t) dt = lim { rE-E j(t) dt + rb f (t) dt} 
Ta t - X J a t - X J x+E t - X (A.2) 
in which the neighborhood c is symmetric about the singular point. It is to be noted that the 
integrals on the right hand side do not exist independently, they have to be taken together for 
the Cauchy principal-value integral to exist. 
Hadamard Principal Value Integrals 
If an improper integral is defined in the region a::=; t ::=; b, with the integrand f(t)/(t - x)2 
having a singular part given by 1 / ( t - x )2 , and a regular part given by f ( t), so that the integral 
is unbounded for an interior point a ::=; x ::=; b and the derivative of the regular part f ( t) satisfies 
a Holder condition, expressed as f(t) E C 1•0 , or 
IJ(t) - f(x) - f (x)(t - x)I ::=; Cit - xl 0 +1 (A.3) 
then the Hadamard principal-value integral is defined as [14] 
tb J(t) dt = lim { r-E f(t) dt + rb f(t) dt - 2J(x)} (A.4) a (t - x)2 la (t - x)2 lx+e (t - x)2 € 
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in which the neighborhood Eis symmetric about the singular point. It is to be noted that the 
integrals on the right hand side do not exist independently, they have to be taken together for 
the Hadamard principal-value integral to exist. 
Weakly Singular Integrals 
Integrals which have a singularity of the order O(ln(r) ), can be handled by a simple trans-
formation of the independent variable. Consider the integral fse Uij(x', x)t1(x) dB(x), on an 
element denoted by Be. We know that the fundamental solution Uij has a weakly singular 
term ln(r) . Assuming the element is quadratic, we can rewrite this as 
le Uij(x', x)t1(x) dB(x) = [ 01 Uij(x', x(e))t;•°' M°'(e)J(e) de 
+ fo1 Uij(x', x(e))tj'°' M°'(e)J(e) de (A.5) 
We now consider three cases, (a) x' = x(e = -1), (b) x' = x(e = 0), and (c) x' = x(e = 1). In 
the first case, the second integral on the right hand side of equation A.5 is regular and can be 
treated as such. For the first integral we transform the independent variable e to rJ, such that 
e = rJ2 - 1. Hence we get . 
Ase-+ -1, rJ-+ 0, and hence in the limit, we see that at the singular point the above equation 
can be written as 
lim rJ. ln(rJ) = 0 (A.7) 
which is a standard limit expression. Hence this singularity is handled properly. In the second 
case, we apply transformations as -e = rJ2 fore E (-1, 0) and e = rJ2 fore E (0, 1). As in the 
previous case, we can write 
/_01 Uij(x', x(())t1•°' M°'(()J(() d( 
fo1 Uij(x', x(e) )t1'°' M°'(e)J(e) de 
/_
0
1 Uij (x', x((( 'IJ)) )tj'°' M°'(( ( 'IJ) )J((( 'IJ)) (-2'1]) d'IJ 
fo1 Uij (x', x( e( rJ)) )tj'°' M°'(e( rJ) )J(e( rJ)) (2rJ) drJ 
(A.8) 
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in both of which as e -+ 0, 'r/ -+ 0. Hence, by the standard limit A.7 above, both of these 
singular equations are handled properly. Finally, in the third case, the first equation on the 
right hand side of equation A.5 is regular, and and the second equation is singular. We apply 
the transformation -e = 'r/2 - 1. The second equation can be written as 
. 
in which as e -+ 1, 'r/ -+ 0. Hence the standard limit A. 7 is again used to properly handle this 
singular integral. 
Strongly Singular Integrals 
Strongly singular integrals with a singularity of the order 0( f;) have to be treated in the 
sense of a principal-value integral. Consider the integral fBe Tij(xi, x)uj(x) dB(x) on a non-
conforming element denoted by Be such that x' E Be, and the nodes are all interior points of 
the element. In such a case, the Cauchy principal-value integral can be expressed as 
(A.10) 
where ftJ(e) is a function of the fundamental solution, a shape function, the Jacobian of the 
transformation multiplied by the term e - e', where e' is the collocation node. Hence it is a 
regular function and can be rewritten as 
(A.11) 
At the collocation point the function ft3(e) has to be continuous. For non-conforming elements, 
this requirement is implicitly satisfied because the nodes are internal points of the elements 
where the function is continuously differentiable. So the first integral on the right hand side is 
at most weakly singular and can be integrated with standard Gaussian quadrature, while the 
second equation integrated analytically gives 
(A.12) 
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Since we model crack boundaries with straight line non-conforming elements, for this special 
case, we can write 
(A.13) 
keeping in mind that the Jacobian J = l/2, where l is the length of the element, and that 
dr / dn = 0 for a straight line, we get 
(A.14) 
The non-conforming shape functions are integrated analytically to give 
- ( e ( 3f - 2) 1 11 - e I + 3 t' - 2) 
4 2 n l+e' "' 
! ( (3(' - 2)(3(' + 2) 1 I 1 + e I - gei) 
2 2 nl-e' 
3(('(3(' + 2) 
1
1-e I , ) 4 2 In l + e' + 3e + 2 (A.15) 
Hypersingular Integrals 
Hypersingular integrals are encountered only on the crack boundary, and hence we will 
deal only with straight line non-conforming elements when dealing with these integrals. We 
consider the integral fa. Sijk(x', x)uk(x) dB(x), which has a singularity of the order of O(~ ). 
We can write this integral as 
(A.16) 
where g0k(e) is a function of the fundamental solution, a shape function, the Jacobian of 
transformation, and the factor (e - (')2. Keeping in mind that the Jacobian J = l/2, where l 
is the length of the element, and that dr / dn = 0 for a straight line, we get 
(A.17) 
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The non-conforming shape functions are integrated analytically to give 
((3tl - 1) ln 11 - e I 6f2 - 2f - 3) 
4 "' 1+e + e2-1 
! (9( ln 11 + e I- 18f2 - 13) 2 1-e e2-1 
((3e1 + 1) ln 11 - e I+ 6f2 + 2f - 3) 
4 1 +e e2 -1 (A.18) 
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APPENDIX B. _TYPES OF QUADRATIC ELEMENTS 
We consider different types of quadratic elements in this appendix. Because of modeling 
issues, discussed in chapter 3, we need three special types of quadratic elements to fully model 
problems involving an edge crack. 
Fully Conforming Element 
As shown in figure B.l, fully conforming elements have nodes at { = -1, 0, +1. The shape 
functions are given by 
M2({) - 1-e2 
M3(e) - ½ce + 1) 
Partially Conforming Element 
(B.1) 
As can be seen in figure B.2, there can be two types of partially conforming elements. The 
first type has nodes at { = -1, 0, +2/3. The shape functions for this type is given by 
• 
-1 0 
• 
+1 
Figure B.1 Fully conforming element 
• 
-1 
• 
-2/3 
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0 
0 
• 
2/3 
• 
+1 
Figure B.2 Partially conforming elements 
The second type has nodes ate= -2/3, 0, +1 and shape functions as 
P21(e) 
9 -e(e - 1) 
10 
P22(e) 3 2 e --e + - + 1 2 2 
P23(e) ~e2 + ~e 5 5 
Fully Non-Conforming Elements 
(B.2) 
(B.3) 
Fully non-conforming elements have nodes ate= -2/3, 0, +2/3 and shape function as 
N1(e) 
9 3 e(-e- -) 8 4 
N2(0 1-~e 4 (B.4) 
N3(e) 
9 3 e(-e + - ) 
8 4 
• 
-2/3 
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• 
0 
• 
+2/3 
Figure B.3 Fully non-conforming element 
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